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Abstract

In this paper, we introduce a quantity which is called exponential entropy of ‘type (&, f8)’ and discuss its some major properties
corresponding to exponential entropy of concave function. Further, we define an exponential directed-divergence convex function
of ‘type (a, B)’. From this directed-divergence measure a new exponential information measures have also been derived when one
of the probability distribution is uniform. Tsallis’ -Havrda -Charvat, Takuya Yamano, Sharma and Mittal relative entropies are the
particlular cases of the proposed measure.

Keywords: Renyi’s entropy, Exponential Shannon’s entropy, Convex and concave function, Exponential Tsallis’ entropy of ‘type
(o, )’ Exponential directed-divergence

Introduction
LetA, ={A= (q’az,...,an) ra >0,i=12,...,n,n> 212::1ai =1}be a set of N -complete probability distributions. For

any probability distribution A= (&, &,,...,&,) € A, Shannon’s entropy *'], is defined as

H(A) =-> aloga _ (1.1)

Various generalized entropies have been introduced in the literature, taking the Shannon’s entropy as basic and have found

applications in various disciplines such as economics, statistics, information processing and computing etc.
Generalizations of Shannon’s entropy started with Renyi’s entropy %] of order- & , given by

H, (A =ﬁlog[2:1aﬂ, a#la>0

(1.2)
Campbell [ studied exponentials of the Shannon’s and Renyi’s entropies, given by
E(A)=e"® (1.3)
and
E“(A)=e"®, (1.4)

where H(A) and H_(A) represent respectively the Shannon’s and Renyi’s entropies. It may also be mentioned that Koski and
Persson (¢ studied

Hiap (A)
E(a,ﬁ)(A):e @n i

(1.5)
exponential of Kapur’s entropy 4l given by
n _a
1 8
H . (A= Iogz'=l' , azfa, B>0
(a.p) (,B _ O{) n B
Zi:l & (1.6)
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It is interesting to notice that, in the case of discrete uniform distribution A€ A, (1.3), (1.4) and (1.5) all reduce to N, just the

‘size of the sample space of the distribution’.

This paper is organized as follows: Sec.II, define the exponential entropy of ‘type (@, /)’ and discuss its some major properties
corresponding to exponential entropy of concave function. Sec. 111, define the measure of exponential relative information of ‘type
(o, ). Sec. 1V, discuss the generalized exponential directed-divergence deasure of ‘type (a, ) . Sec. V, discuss the measures of
information.

In the next section, we define a new information measure Ef (A) and study its properties.

2. Exponential Entropy of ‘Type (a, /)’ and its Properties
Corresponding to Tsallis” entropy 28], the exponential entropy of ‘type(a, /)’ is defined as follows:
Definition: Exponential ‘type (¢, )’ entropy of a discrete distribution A is given by:

l:elogz z;ai& _ elog2 Zillaiﬂ :|
EJ(A) =

a,f>0,a+p
p-a . (2.1)

(i) When =1, a —>lor & =1 —1 measure (2.1) reduces to Shannon’s entropy.

(ii) When =1, or a =1 (2.1) becomes exponential entropy of type ¢ .

The quantity (2.1) introduced in the present section is entropy. Such a name will be justified, if it shares some major properties
with Shannon’s and other entropies in the literature. We study some such properties in the next theorem.

Theorem 2.1: The measure of information E/ (A) {A=(a,a,,...,a,),0<a <1, zin:lai =1} has the following properties:
1) Symmetry:
E/(A)_E.(aa,..a)
2) Non-negative:
E‘f(A) > o,for al
3) Expansible:
E/(aa,...a,;0)=E*(a a,,...,a,).

4) Decisive:
E#(0,1)=E*(1,0)=0.
5) Maximality:

E/(a,a,,...a,) < E/@/n,n,..1/n) =

6) Concavity:

The measure EZ (A) is a concave function of the probability distribution A= (8, a,,...,a,), & =0; Zinzlai =1, when either
a>L <1  a<l;f>1

7) Continuity:

E’(a,a,,...,a,) is continuous in the region & >0 forall , 8> 0; ar # f3.

(8,2,..8,)

is a symmetric function of

| a.B>0,a%8

al-a)logzn _ o(1-A)logn

-

Proof: (1), (3), (4) and (5); these properties are obvious and can be verified easily for property (7), We know that
Zin:lai“ —Zin:laf is continuous in the region @ >0 for all ¢, 3>0. Hence, E” (A), is also continuous in the region

a 20 forall , >0, a= .

Property (2): The measure Ef(A) is non-negative forall &, #>0; a# .
Proof: We consider the following cases:
Case (i): When ¢ >1; <1

elogz[z,":lai“} '092[22:135’ }

<1and e >1.

2.2)
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From (2.2), we get

elogz[ in:laia:| IOQZ[Zin:laiﬁjl

—-e <0 a>1; <1

, for

Sincefor a >1;4<1 = p-a<0.

e|og2[2?:1ai‘”} _elogz[zin:laiﬂ}
>0.

We get p-a
Ef(A) > 0.

i.e.

Case (ii): Similarly, for ¢ <1; >1, we get
o Xl | | X |

>0,
and p—a>0,
we get
e|092[zrzlaia} _e'og{z:ﬂaﬂ
>0.
-
o Ef(A) >0.

Case (iii): When a>1and £>1.
(@) Let a> f>1, then

elogz[zi”ﬂa;’} _elogz[z;a{/}} <0

and

pra <0,Weget EZ(A)>0.

(b) Let B> >1, then ) S ) S I
d

62_0[ >0 e get EZ(A)>0.

(c) Let a>f >1, then e'ogz(éaf) —elogz[iznl:aiﬁJ <0
d

i;_a <0 we get EZ(A)>0.

@ Let B>a>1 o e'°92[§1afj _e|092[iznl:aiﬁj g
d

a,g—a >O,Weget E/(A)>0.

Case (iv) : When a<l .4 B<1

@ et <A <L tren elogz[éa‘aj _elogz[;a‘ﬂ] >0
d

a;_a >0 e get EJ(A)>0.

() Let A< <L then elogz[éaiaj _elogz[ga‘ﬁ] <0
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and
B
B-a<0 e EL(A)>0.
From case (i), (ii), (iii) and (iv),we conclude that
B .
E/(A)>0 . . a.f>0a%f
To prove the next property, we shall use the following definition of a concave function.
Definition: (Concave Function): A function f(.)over the points in a convex set R is concave if for all r,r,eRand

1e(0,1

)+ Q=) T (R) <+ - 1) 3
The function f () is convex if the above inequality holds with > in place of <.
Property (6): The measure Ef(A) is a concave function of the probability distribution A= (a,,...,a,),&, zo,zi”:lai =1
forall ¢, f>0;a # Peither a>1; f<lor a>1; f<1.
Proof: Associated with the random variable X = (Xv ) O Xn), let us consider I distributions

A(X) =18, (%), & (%), & (%)}

Where

D a(x)=1k=12..r.

Next, let there be I' numbers (4, 4,,...,4,) suchthat 4, ZO,ZL:lﬂk =1, and define
A (X) =189 (%), 85 (%), -+ 85 (X,)}

where
3 (x)=> Aa(x);i=12..n.
Obviously Zin:lao(xi)=l, and thus A, (X) is a bonafide distribution of X .

If >1; <1, then we have

> AEL(A)-EL(A,)

o Sian] _ oo X a0 r}
=2 MBI (A) == e
PSS st }
<YL AEZ(A) -5
ZK_ p-a (by Jensen inequality)
LAEL(A)<EZ(A)

(2.4)
Similarly, for o <1; 8>1, (2.4) holds. Therefore E” (A) is a concave function forall z, 3> 0;a# f3 .
Implies

n r

k= i=

Imga (x ): < zg (Za (x )ﬂ
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Implies
. IogDLZ:‘ag (% )} < elogp[kzr;ik [gaﬁ’(xi )H
(2.5)

ek:l i=1 S z/’ik
Also, we have k=1 2.7
Therefore, from (2.5), (2.6), (2.7), we get

e|og{§a€(xi)} < zr:ﬂk e'ogD(H J

=~
Il
LN

(2.8)

Similarly, for f>1, we have

elogo[gaff(xi )} e
k=1

(2.9)

We shall consider the wo cases :
Case 1: If >/ >1, then subtract (2.9) from (2.8), we get

= J < i}b eIOQD[é""f(Xi)) _elogutéaf(xi)j

k

(2.10)

(2.11)
EZ(A)= ZAEL(A)

i.e.,
EZ(A). .
@ is a concave function for a>4> 1.

Case 2. Ef (A) is also a concave function for S>> 1. But the inequality in (iii) is reversed. Applying f-a >0 for f>a
in iii, we get (2.11)
Therefore, Ef (A) is a concave function of A for a,8> 1.This complete the proof of property (6).

3. Measure of Exponential Relative Information of ‘Type (¢, )’

Distance measures between two probability distribution play an important role in the probability theory, statistical inference,
signal processing, pattern recognition, finance, economics etc. A class of measure which may not satisfied all the conditions of
distance measures or metric space is called divergence measures.

Divergence measures based on the idea of information-theoretic entropy was intially introduced in communication theory by
Shannon 27, Kullback and Leibler 2 introduced relative entropy or the divergence measures between two probability
distributions as a generalization of the Shannon entropy. During the half past century, various extensions of the Shannon entropy
and Kullback-Leibler divergence measures are introduced by various authors like as Renyi %1, Rao 4, Kapur %1, Vajda 2, Lin
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(18] Pardo [, Shioya and Da-te 81, Ali and Silvey [, Csiszar ¥, Sharma and Mittal %1, Burbea and Rao ¥, Havrda and Charvat
(101 Takuya Yamano (39,
Dragomir [ introduced the concept of P -Logarithmic and o -power divergence measures and derived a number of basic results.

Friedman and Sandow [ introduced a utility-based generalization of Shannon entropy and Kullback-Leibler information
measures. Friedman et al. [ proved various properties for these generalized quanitities similer to the Kullback-Leibler information
measure.

Let A={(a,a,..a,)0<a <1,y a=1} and B={(B.b,..b),0<b<1>" b =1} be probability
distributions, then Kullback-Leibler divergence measure is defined as:

KL(A;B) = Zn:(ai) log(a,/b;)
= (3.1)

Generally, metric divergence measures such as Euclidean distance, D(A; B) = Zin:l(ai —b,)? , satisfy four conditions:

(i) Non-negativity: D(A;B)>0.

(ii) 1dentity: D(A;B) =0 iff & =b. foreach i.

(iii) Symmetry: D(A; B) =D(B; A).

(iv) Triangular inequality: D(AB)+D(B;R) = D(AR).

Kullback-Leibler directed divergence satisfies the first two conditions of metric measures; but not the third and fourth conditions
as they are not essential for a measure of discrepancy. Instead, it possesses two important conditions which are useful for
optimization purposes:

(v) D(A; B) is a convex function of (8, a,,...,a,) .

(vi) When this measure is minimized subject to some linear constraints the minimizing probabilities are all non-negative.
Some properties of Kullback-Leibler’s measure and their proof can be found in Lexa 1 and Kullback 11,

. R . o 11 1
In addition to the above properties, if B is a uniform distribution. i.e., B = —,—,...,— | then,
nn n

KL(AB) = Y (a)log (1";‘—”] = > (@)log(a,) +1og(n) = ~H(A) +log(n)

Hence, KL (A;B) = —H(A)+log(n) .
Where log(n) is constant. Thus, from this perspective, the Shannon entropy measure can be considered a special case of

Kullback-Leibler directed divergence measure, however they are different conceptually as Shannon entropy is an uncertainty
concept; but Kullback-Leibler measures the directed -divergence between two probability distributions.
In the next section, we review the generalization of Shannon entropy and Kullback-Leibler information measure. Then, we

introduced a generalized the exponential divergence convex function of ‘type (&, f) * and derive a number of basic properties.

4. Generalized Exponential Divergence Measure of ‘Type (a, )

However, we noted that Kullback-Leibler measure satisfies conditions (i), (ii), (v) and, (vi), there are also other measures that
satisfy those four conditions and thus qualify as legitimate measures of directed divergence. Even if a measure satisfies only
conditions (i), (ii), and (v), but not (vi), it can still be considered as a measure of directed divergence (See Csisz {\a'}r, BI). These
measures are called generalized measures of directed divergence. There are various versions on generalization of Shannon entropy

and Kullback-Leibler information measure. For all probability distribution of A and B , We propose the function

D/ (A;B)= Lﬂ {e"ngz[Z?laf’M _euogz[zrla,ﬁwq
a p—

,foralla’ﬂ>1;a¢’8 (4.1)
Remarks
a) When the base of the logrithm is e. Then (4.1) becomes Sharma and Mittal ! relative information measure.
b) When the base of the logarithm is e and 3 :]/a , then (4.1) becomes

1 n n
W) (A RY = apl-a _ Ya)yl-Wa)
Da (A’ B) - a—(l/a) |:Zi:1ai bi ziZIai bi :|
. (4.2)
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Which is studied by T.Yamano [30]. The author called it a generalized Kullback-Leibler relative entropy. Further, he present the
fundamental properties including positivity, metricity, concavity, bounds and stability. In addition, a connection to shift
information and behavior under Liouville dynamics are discussed.

c) If the base of the logarithmise and f#=1or ¢ =1. Then (4.1) becomes Tsallis’ -Havrda —

Charvat [10 281 relative entropy.

d) If the base of the logarithm is e and f =1, —1 or =1, —1. Then (4.1) becomes Kullback-Leibler divergence
measure.

It may be noted that DS(A; B) is not a metric as it does not satisfy triangle inequality. However, Dg(A; B) satisfies convexity
property which we need to minimize Df(A; B) as functions of A and B subject to Zinzlai = Zin:lbl =1. This convexity

property ensures that in each case, a local minimum will be global. The function Df(A; B) satisfies all three conditions (i), (ii)

and (v).
For this we need to prove the following results:

Result 1: For all probability distribution A and B it holds, Df(A; B)>0 forall a,f>1;a+# [ and the equality holds if
a=b,vi=12,..,n

Proof: By Jensen’s inequality for & >1, we have

s e t] ] Lxanen

(4.3)

Let B >1, then

e|092[z:=1aiﬂ bulfﬂ} >1 |

We consider the following cases

e|092[2::1aia bulia} log, [z;a{g buliﬁ}

a>f>1 —e 20, ,,q@—B>0 (4.4)

Case (1): Let , then

Ing|: ?Zlaiabilfa:i Ing[z:ﬂa'ﬁbiliﬂ}
= - >0.
a-p
D/(A;B)=0.

Therefore,
olSe]_ {lt] .

Case (2): Letﬁ>a>1,then € —€ <0, and a-p<0 , implies D7 (AB)=0.

As f=1l,a—>1lor a=1,—1, D’(AB) —>[z::1(ai) |Og(ai/b,)}, is a consequence of the fact that the measure

(4.1) is a continuous function of & or B which becomes a Kullback-Leibler relative information measure.

Also, for 3 =h for each " Dg(A; B) = 0. Itis fact that the function (4.1) gives minimum value, if 3 =h for ! =12..,n.

1 log,| " abi log i”f i’
Result 2: — —|:e 2[214 :i —e 2[2 =1 :|:| is a convex function of A for a,ﬂ >1,a # ﬂ )
o—

Proof: Let A,(X) ={a,(X,), 8,(X,), .., 3, (X,,)} be the probability distribution of X such that a,(X;) = iﬂkak (X,), where

k=1

A are no n-negative numbers which sum to unity and

17
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A (X)={a, (x,):k=12,...,r}are some probability distribution of X . For convex function, we shall use the following

Jensen’s inequality:

M U
kaxk} < kax;}
L k=1 L k=1 ,according ast >1 | we have

Zr:/lkak (x)| < |:Zr:/lkaf (%)

L

,accordingas @ > 1.

Therefore,

$Sram[e|< 3 aroos

Implies

ia:(xi)bﬁ-“}{ia[iaf(xobﬂ-“ﬂ

i=1

elogz[z% bl’} < elog{iz{iag(xi)bga}]

Implies

Now, we know the convexity of log and exponational function as

Iogz[zn:a X; )b "} < |ng|:2/lk(za x; )b "‘H Zik Iogz[Zaf’ x; )bt J Iogz(ia{j‘(xi e J
e e i < i=1

r
i=1 S ekl i=1 < zike
k=1

Iogz[zrj:a %; o } r |ng[§ af (x )bmJ
= e " <>AiAe

Similarly, for B> 1, we have

Iog{Za x; )b /i} ; Iogz(iaf (x )b}’ﬁ J
e <>A4e
k=1 ) ( **)
We shall consider the wo cases
Case 1: If ¥ >p , then subtract (**) from (*),we get

euogz(glag(xi pe | _elogz[Zaﬁ b "] ciafe™ (Bt i | _euogz[gaf(xi p |
k=1
il
Since, a=f>0 for a>ﬂ,we get
(a—ﬁ)_l e|092[§133 (% )bilf”J _e|092[za X; Joi~ ﬁ] < i,’{/k (a _Ib’)_l elogz(%1 & (x i)bil’”j _elogz[g1 af (x)

k=1

bi” J

A*

18
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~ DI(A:B)< 24D/(A;B)

Vi .
D (A'B) is a convex function for
D/(AB

a>,8>1l
L>a>1

Case 2. ) is also a convex function for

p>a in iii,we get 1*

.But the inequality in (iii) is reversed. Applying

Bl A
Therefore, D (AB) is a convex function of A for & B> 1.This complete the proof of result 2.

Implies
e« [izk [ia:‘(xi)bﬁ-“ﬂ

ag (% )b.l’“} Iog{iﬂk{i&‘f (Xi)b.l’“ﬂ
< e

M=

k=1

[N

Iogz[
e i=

Implies

Now, using convexity of log and exponential function we get

U R e

i=] Sekl i=l

Iogz{zn: X )bt “] r Iogz{zn: X )bt ’1]
e " < Ag 7

Similarly, for p>1 , We have
Iogz[z X )bt /3] r Iogz[iaf(xi )b,l’ﬂJ
=e < Ae 7

k=1

We shall consider the two cases
Case (1): If a>p> 1, then subtract (4.6) from (4.5), we get

Iogz[i % )b “J Iogz[i % )bi /’] r Iogz[zn: & (% )b “] Iog{ia{f(xi )bil’/f]
e i —e i=1 S Z Ak e i=1 e i=1

D/ (AiB)< X 4,D!(A:B)

Dﬂ(A B) is a convex function for & >ﬂ> 1.

a-p<0 g

(4.5)

(4.6)

4.7

(4.8)

Case (2): Df(A, B) is also a convex function for >a> 1.But the inequality in (4.7) is reversed and applying - <0 for

B>, we get (4.8). Therefore, D” (A; B) s a convex function of A for c,3> 1. This complete the proof of result 2.
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5. Measure of Information
Corresponding to the generalized measure of divergence (4.1), there is a unique measure of generalized entropy. let

11 1
c= (_,_,...,_J
n-n n , be the uniform distribution, then generalized measures of directed divergence is defined as

sy L |55

(i)’ DZ(AC)20
(i)’ D/(AC)=0, if A=C

P
(iii) D (AC) is a convex function of A.

We see that
log nai‘”n‘*’l log na,ﬂn/H
D/ (A,C) = 1 alaDlogn _ q(-a)logzn | o(1-Alogzn _ o(A-Dlogzn o 2; _e 221:
(5.1)
Now we newly define
| L apa-1 I c Bnb-1
Eﬁ(A’C) = 1 eC‘gziZl:aH ) _e(a*]-)lngn +e(ﬂ*1)|092n _eOQZiZ;ﬁH "
(5.2)
and
1
(a-1)log, n (p-Dlog,n |. .
—|e —e v, f>Lia#p
Ef(C;C)= a—ﬁ[ ] ,nN=23,...
log(n) ; ifa=1->1lorf=1a—>1 (5.3)

Therefore, D7 (A;C) = E{(C;C)~EZ(AC). (5.4)

So to minimize D” (A;C) is equivalent to maximize E” (A;C).

(iv)" EZ(C;C)>=E/(AC).

(V)" E/(CiC)=EL(AC)  A=C

(vi)” EZ(A;C) is a concave function of A.

Thus, the function Ef(A;C) is a new information measure of A and C corresponding to directed- divergence measure
D7(A;C)

Theorem 5.1: The generalized relative entropy, Df(A; B)and the generalized entropy, Ef(A;C), have the following
properties:

()" DI(AB)20 o equality if and only if
(ii)ﬂ Df(A; B) is a convex function of A.

(i)™ E/(AC)>0, E/(AC)

A=B.

is a concave function of A.

6. Conclusions
We have investigated properties of a generalized Shannon entropy and Kullback-Leibler divergence in the context of information

theory. As a conclusion, we remark that this exponential entropy “type (¢, f) * is also a pertinent information measure which is a
generalization of Tsallis” -Havrda -Charvat, Takuya Yamano, Sharma and Mittal.
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